Introduction
The re ection group H 4 is the symmetry group of two four-dimensional regular polytopes, the 600-cell and its dual, the 120-cell. It has a non-crystallographic root system H 4 consisting of 120 elements, the vertices of the 600-cell. See Coxeter C, x8.5] .
In this note, we present an explicit construction of H 4 that requires very little in the way of tedious checking, nor much in the way of miracles. It is analogous to constructing a crystallographic root system as the set of short vectors in a suitable lattice. The di erence here is that no lattice is available, so as a substitute we use a nitely generated group that is not discrete. Our construction also has the bene t of demonstrating in an obvious way the fact (perhaps not widely known) that H 4 includes a copy of the root system D 4 , and hence that there is a corresponding inclusion of the Weyl group D 4 as a subgroup of H 4 .
Before proceeding, let us brie y describe what is probably the \standard" construction, as found in Exercise VI.4.12 of Bourbaki B] and Section 2.13 of Humphreys H] . In fact this construction is due to Witt W] , although explicit coordinates for the 120-cell and 600-cell go back at least to Schl a i in the 1850's and Schoute in the 1900's C,x8.9]. One shows that every nite subgroup of H (the multiplicative group of the quaternions) that includes ?1 is a root system, and then one miraculously produces a suitable 120-element subgroup that meets the requirements, the so-called icosian group CS]. To verify that the icosians do form a group (or simply a root system) is rather tedious.
The icosian group can be rendered less mysterious by noting that the alternating group of degree ve has a three-dimensional representation as rotational symmetries of the icosahedron. Lifting this from SO(3) to Spin(3) yields a 120-element group, a double cover of the alternating group. However, Spin(3) is isomorphic to the unit-norm subgroup of H , so the 120-element group embeds in H . Admittedly, this may make the standard construction seem more miraculous, not less, and in any case leaves aside the unpleasant task of identifying explicit coordinates.
A New Construction Let A be a subring of R (the real eld), and L an A-submodule of the Euclidean space R n with inner product h ; i. Proposition. If is any nite subset of L 2 = f 2 L : h ; i = 2g that is maximal with respect to the property that h ; i 2 A for all ; 2 , then is a root system. Proof. Let ; 2 . The re ection of through the hyperplane orthogonal to is = ? h ; i . Hence 2 L 2 , since L is an A-module and re ections preserve length.
Furthermore, the inner product of with any other member of is clearly in A, since and have this property. Therefore 2 by maximality. Hence every re ection through a hyperplane orthogonal to a member of permutes , so is a root system. We cannot t all of L 2 into a single root system of the sort described by the proposition, 
